Abstract. Ginzburg-Landau fields are the solutions of the Ginzburg-Landau equations which depend on two positive parameters, α and β. We give conditions on α and β for the existence of irreducible solutions of these equations. Our results hold for arbitrary compact, oriented, Riemannian 2-manifolds (for example, bounded domains in R 2 , spheres, tori, etc.) with de Gennes-Neumann boundary conditions. We also prove that, for each such manifold and all positive α and β, the Ginzburg-Landau free energy is a Palais-Smale function on the space of gauge equivalence classes, Ginzburg-Landau fields exist for only a finite set of energy values, and the moduli space of GinzburgLandau fields is compact.
Introduction
Ginzburg-Landau theory is a phenomenological model for superconductivity which gives variational equations for an Abelian gauge field and a complex scalar field. The gauge field is the electromagnetic vector potential, while the scalar field can be interpreted as the wave function of the so-called Bardeen-Cooper-Schrieffer ground state (a single quantum state occupied by a large number of Cooper pairs); the norm of the scalar field is the order parameter of the superconducting phase. Thus Ginzburg-Landau fields with non-vanishing scalar field describe superconducting phases, while vanishing scalar field corresponds to the normal phases of the material. This paper investigates the existence -and non-existence -of superconducting phases in the 2-dimensional Ginzburg-Landau theory. The topic has a vast literature in the case where the background is a planar (flat) domain in R 2 with various boundary conditions; we recommend [1] for references.
Throughout this paper Σ denotes a compact, oriented, Riemannian 2-manifold, which can have a non-empty, smooth boundary ∂Σ. The Riemannian metric and the orientation together define a orthogonal complex structure j and a symplectic form ω. These structures together make Σ a Kähler manifold. The volume form of Riemannian metric is ω. Let L → Σ be a smooth, complex line bundle with hermitian metric h. Fix a unitary curvature tensor F 0 with finite L 2 -norm. We call F 0 the external magnetic field. Finally fix two positive coupling constants α, β ∈ R + . For each smooth unitary connection ∇ and smooth section φ consider the Ginzburg-Landau free energy:
Physically, if ∇ 0 is a unitary connection that satisfies
2) then the energy (1.1) is the energy difference between the states described by (∇, φ) and (∇ 0 , 0). The variational equations of the energy (1.1) -called the Ginzburg-Landau equations -are gauge invariant, non-linear, second order partial differential equations. If a solution (∇, φ) is twice (weakly) differentiable, then it satisfies the de Gennes-Neumann boundary conditions. These boundary conditions describe superconductor-insulator interfaces; see in Section 2 for details.
Each pair (∇ 0 , 0) that satisfies equation (1.2) is a solution of the Ginzburg-Landau equations. We call such a pair a normal phase solution, because the order parameter vanishes identically. The energy (1.1) of any normal phase solution is zero. Note that another pair (∇, 0) is normal phase solution if and only if the 1-form a = ∇ − ∇ 0 is closed. In Abelian gauge theories, a pair (∇, φ) is called reducible if φ is identically zero, and irreducible otherwise. It is easy to see that a solution of the Ginzburg-Landau equations is reducible if and only if it is a normal phase solution.
For the rest of the paper let
This non-negative real number depends on the geometric data (Σ, j, ω, L, h) and the curvature 2-form F 0 , but independent of the coupling constants, α and β. The quantity λ 1 plays a key role in the main theorems of this paper, which are listed below: 
Superconductors with β > The results of Main Theorem 3 also hold in the borderline β = 1 2 case, which was proved in [2, Section 4] by Bradlow. In fact Bradlow proved that for a closed (that is compact and without boundary) Kähler n-manifold X, in the β = We remark, that on surfaces with boundary there is a similar phase diagram, since 2πd, in inequality (1.7) can be replaced by the magnetic flux of the external magnetic field, Φ 0 ; see equation (2.5).
Our last main theorem uses a recent result of Feehan and Maridakis about the Lojasiewicz-Simon inequality for analytic functions on Banach spaces. We show that solutions for the Ginzburg-Landau equations (2.2a) and (2.2b) with de Gennes-Neumann boundary conditions exist only at finitely many energies, and the moduli space of Ginzburg-Landau fields, that is the quotient of the set of critical points of energy (1.1) by the action of the gauge group G (see definition in Section 2), is compact.
Main Theorem 4.
[Compactness] The Ginzburg-Landau free energy (1.1) has finitely many critical values. Furthermore, the moduli space of Ginzburg-Landau fields
is compact.
Finally, we remark that there are similar results to Main Theorem 1 and Main Theorem 2, in the context of Abrikosov lattices, by Sigal and Tzaneteas; see [9, 10] . Abrikosov lattices are Z 2 -(gauge)-periodic solutions to the Ginzburg-Landau equations on the euclidean plane, R 2 . Here R 2 is viewed as the universal cover of the flat torus, and Z 2 acts via deck transformations. Furthermore, it came to our attention during the preparation of this paper that Chouchkov et al. has generalized these results to surfaces of higher genus with hyperbolic metrics [3] . This paper is organized as follows. Section 2 is a brief introduction to the Ginzburg-Landau theory on compact surfaces. In Section 3 we establish Main Theorem 1 by proving that Ginzburg-Landau free energy (1.1) is a Palais-Smale function on the space of gauge equivalence classes of fields. In Section 4.1 we prove a technical lemma about the solutions of the Ginzburg-Landau equations; this is used in Section 4.2 to prove Main Theorem 2. In Section 5 we combine results from the previous sections and a theorem of Feehan and Maridakis to prove Main Theorem 4.
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Ginzburg-Landau equations on compact surfaces
As is standard in gauge theory we work with the Sobolev W k,p -completions of connection and fields. For the rest of this paper we fix a connection ∇ 0 that satisfies equation (1.2). The Sobolev norms are defined via the Levi-Civita connection of Σ and the connection ∇ 0 . The norm of any W k,p space are denoted by . k,p . Furthermore . p stands for . 0,p , and .|. stands for the real L 2 inner products. In dimension 2, W 1,2 embeds in L 4 . The weakest Sobolev norm in which the energy (1.1) is C 1 (in fact analytic) is W 1,2 . Thus let C L be the W 1,2 -closure of the affine space of smooth unitary connections on L and Ω 0 L be the W 1,2 -closure of the vector space of smooth sections of L. Similarly, let Ω k and Ω k L be the W 1,2 -closure of k-forms and L-valued k-forms, respectively. Note that C L is now an affine space over iΩ 1 
The gauge group is canonically isomorphic to the infinite dimensional Abelian Lie group W 2,2 (Σ, U(1)) whose Lie algebra is W 2,2 (Σ; iR). Elements g ∈ G act on smooth pairs (
The energy (1.1) extends to a smooth function on C L ⊕ Ω 0 L which now can be written as
L of the energy (1.1) satisfies the following equations:
If the pair (∇, φ) is in W 2,2 , then equations (2.1a) and (2.1b) are equivalent to the Ginzburg-Landau equations:
with the boundary conditions (see [6, page 345]):
De Gennes showed that conditions (2.3a) and (2.3b) describe an interface with superconducting material on one side and insulator or vacuum on the other (see [4, page 229]). Equation (2.3a) corresponds to the continuity of the magnetic field on the boundary. The 1-form j = Im(h(φ, ∇φ)) represents the supercurrent, the current of superconducting Cooper pairs, thus equation (2.3a) means that no supercurrent is leaving or entering the surface. Since in mathematics equations (2.3b) and (2.4) are also called the Neumann boundary conditions, we refer to them as the de Gennes-Neumann boundary conditions. Chern-Weil theory and equation (2.3a) implies that
The interpretation of equation (2.5) is that the magnetic flux through the surface, Σ, is fixed.
By [8, Theorem 2.4] every critical point is gauge equivalent to a smooth one, which in turn is a solution of the equations (2.2a) and (2.2b). Thus gauge equivalence classes of critical points of the energy (1.1) are in one-to-one correspondence with gauge equivalence classes of smooth solutions of the equations (2.2a) and (2.2b).
Existence
To prove the existence of irreducible solutions of equations (2.2a) and (2.2b) when α > λ 1 we show two things: (i) absolute minimizers of the energy (1.1) exist for all α, β ∈ R + , and (ii) if α > λ 1 , then reducible (normal phase) solutions are not absolute minimizers. It follows that the absolute minimizers are irreducible.
We say that a function E on a Banach space satisfies the Palais-Smale Compactness Property if every sequence, on which E is bounded and DE (the derivative of E) converges to zero in the dual of the Banach space, has a convergent subsequence. The next lemma shows that the energy (1.1) satisfies a gauged version of the Palais-Smale Compactness Property.
and a sequence of gauge transformations {g
Proof. Since smooth pairs in iΩ 1 ⊕ Ω 0 L are dense and the energy (
L , it is enough to prove the statement for smooth sequences. One can complete the square in the last two terms of the energy (1.1) to get a lower bound in terms of the coupling constants and the area:
The right hand side of (3.1) is greater than or equal to the constant − α 2 2β Area(Σ). Since all terms are positive or constant, they are bounded individually. Equation (3.1), and the hypotheses of the theorem give us the following:
(1) Since {F ∇ 0 +a k } k∈N is bounded in L 2 (by equation (3.1) and the hypotheses of the theorem) the sequence {∇ 0 + a k } k∈N is has a subsequence, which is gauge equivalent to a weakly convergent sequence in C L , by [12, Theorem 3.6] . Thus, after replacing the original sequence with a gauge equivalent one, and then taking a subsequence, we can assume that {a k } k∈N is weakly convergent and hence bounded in iΩ 1 . We can still assume smoothness, due to the density of smooth fields and gauge transformations. By the Sobolev inequality, {a k } k∈N is also bounded in L 4 . (2) We can also require the Coulomb gauge fixing condition to hold (for a subsequence), that is 2) by to the following argument: For all k ∈ N let f k ∈ Ω 0 be the unique solution of the equations 
2), while not ruining the weak convergence and the smoothness of the sequence. ω.
(4) Combining (1), (3), and Hölder's inequality shows that { a k φ k 2 } k∈N is bounded. (5) Combining (4) and the fact that { (∇ 0 + a k )φ k 2 } k∈N is bounded (by equation (3.1) and the hypotheses of the theorem) we see that
Let ∇ LC be the Levi-Civita connection acting on elements of iΩ 1 
and thus
for all k ∈ N. By hypothesis, the left hand side of equation (3.5) converges to zero, which implies that {(b k , ψ k )} k∈N converges to zero in iΩ 1 ⊕ Ω 0 L as well. On the other hand, by using the definition of the derivative we get
Combining equations (3.4) and (3.6) gives us the equation
for all (b, ψ) ∈ iΩ 1 ⊕ Ω 0 L . Equation (3.7) is a linear, elliptic partial differential equation, and the sequence {(a k , φ k )} k∈N is smooth, thus so is {(b k , ψ k )} k∈N , by elliptic regularity. Let ∆ = d * d + dd * be the Laplacian on forms and κ is the Gauss curvature of the Riemannian metric of Σ. By the Weitzenböck identity, ∇ LC * ∇ LC = ∆ − κ on iΩ 1 . Since both {(a k , φ k )} k∈N and {(b k , ψ k )} k∈N are smooth, we can integrate by parts in equation (3.7). Recall that d * a k = 0, and so ∆a k = d * da k for all k ∈ N, to get the following equations:
Equations equation (3.8a) and (3.8b) imply the following equations in the interior of Σ:
Since Σ is compact, κ is a bounded function. This fact and the observations (1)- (6) imply that the right hand sides of equations (3.9a) and (3.9b) are bounded in 
} k∈N converges to zero by the argument after equation (3.5), we conclude that
Corollary 3.2. The infimum of energy (1.1) is achieved by some smooth field
Proof. The energy (1.1) bounded below by (3.1), thus its infimum is not −∞. Pick a minimizer sequence {(∇ 0 + a k , φ k )} k∈N . By [5, Proposition 2.6], we can assume that {DE(∇ 0 + a k , φ k )} k∈N converges to zero in the dual of iΩ 1 ⊕Ω 0 L . By Lemma 3.1, there is a subsequence, {(∇ 0 + a k l , φ k l )} l∈N , and a sequence of gauge transformations, {g l } l∈N , such that {g
L . Since the energy (1.1) is gauge invariant and analytic, the limit is an absolute minimizer and hence a critical point of the energy (1.1). By [8, Theorem 2.4] , all critical points are gauge equivalent to a smooth pair (
Finally, we show that the infimum cannot be a reducible (normal phase) solution when α > λ 1 . Proof. Since all reducible solutions satisfy E F 0 α,β = 0, it is enough to show that the minimum of the energy (1.1) is negative. Assume that α > λ 1 , and pick a positive ǫ which is less than α − λ 1 . Using the definition of λ 1 , equation (1.3), we get that there exist a normal phase solution, (∇ 0 , 0), and a non-zero section, φ ∈ Ω 0 L , such that
Thus the pair (
which is negative for small enough t since λ 1 + ǫ − α < 0. Thus the minimum of the energy (1.1) is negative, and the hence absolute minimizer found in Corollary 3.2 is irreducible.
Together Corollary 3.2 and Lemma 3.3 prove Main Theorem 1. 
Proof. When (∇, φ) is reducible, and hence φ is identically zero, we get F ∇ = F 0 by equations (2.2a) and (2.2b). Thus inequalities (4.1a) and (4.1b) hold. We can therefore assume that (∇, φ) is irreducible. Because the inequalities in the lemma are gauge invariant, and every solution is gauge equivalent to a smooth solution, we assume that (∇, φ) is smooth. Set
Using equation (2.2b) straightforward computation (see [11, Section III]) provides
Since 2β|φ| 2 and |∇ψ| 2 are both non-negative, the maximum principle (cf. [8, Proposition 3.3] ) implies that w is either strictly positive, or vanishes identically, thus proving inequality (4.1a) and the claim about the case of equality at point. Hence when equality holds φ is a nowhere zero section of the line bundle L, thus L is trivial, Let ⋆ be the convolution of functions. Let G φ be the Green's function of the positive, elliptic operator ∆ + |φ| 2 on Ω 0 with Neumann boundary conditions, and similarly, G 0 be a Green's function of the scalar Laplacian, ∆, on Ω 0 with Neumann boundary conditions, which can be chosen to be everywhere positive. Let y ∈ Σ any, then for all x = y
Thus by the maximum principle
Straightforward computation (see [11, Section III]) provides
Both f − f 0 and w satisfy the Neumann boundary conditions by equations (2.2a) and (2.3b).
Furthermore recall that 0 w α β . Thus by inequalities (4.4) and (4.5) and equation (4.6) we get that
Finally, assume that (∇, φ) is irreducible and F 0 solves Maxwell's equation. Thus f 0 is constant, and equations (4.3) and (4.6) and the fact that G φ ⋆ |φ| 2 = 1 give us: 
L . The lower bound can be achieved by choosing φ to be holomorphic. Such φ exists, because f 0 is non-negative. Similarly, for a negative f 0
and the inequality is sharp for non-zero, anti-holomorphic sections, which exist due to the sign of f 0 . Hence whenever F 0 solves Maxwell's equations λ 1 equals to B 0 .
Now we prove the claim about non-existence when Σ is closed. Assume that (∇, φ) is an irreducible solutions of equations (2.2a) and (2.2b), and ∂Σ = ∅. Chern-Weil theory tells us that in this case |F 0 | has to be When Σ is not closed, that is ∂Σ = ∅, the magnitude of the external magnetic field, B 0 , can be any non-negative number. Equations (2.3a) and (2.5) and inequality (4.2) gives us
Strict equality cannot hold in the last step if φ = 0 somewhere, which proves that there are no irreducible solutions when max α, 
Compactness
A real number E is a critical value of the energy (1.1) if there is a critical point,
In this section we prove that there are only finitely many critical values and furthermore the moduli space of all Ginzburg-Landau fields is compact.
Proof of Main Theorem 4.
First, we prove that the set of critical values is bounded. By (3.1) we see that the energy (1.1) is bounded below. If (∇, φ) is a critical point, then using equation (2.1b) with ψ = φ, and inequality (4.1b) give us Next, we show that the set critical values inherits the discrete topology from R, using a result of Feehan and Maridakis about the Lojasiewicz-Simon gradient inequality. First of all, note that the energy (1.1) is constant on gauge equivalence classes, hence we can impose the Coulomb gauge fixing condition for the proof, that is we fix a smooth critical point (∇, φ) and define the Coulomb slice to be
By the argument shown in the proof of Lemma 3.1, every gauge equivalence class intersects S C . The energy (1.1) is still analytic on the affine Hilbert manifold S C , thus its Hessian at (∇, φ) is a symmetric bilinear form on the tangent space of S C , and it is defined as α,β (∇, φ). Now assume that the set of critical values in infinite, and let {(∇ 0 + a k , φ k )} k∈N ⊂ S C be a sequence of critical points with distinct energies. The sequence {(∇ 0 + a k , φ k )} k∈N satisfies the conditions of Lemma 3.1, because {E k = E F 0 α,β (∇ 0 + a k , φ k )} k∈N is bounded and the derivatives, DE(∇ 0 + a k , φ k ), are zero for all k ∈ N. Thus there is a subsequence, {(∇ 0 + a k l , φ k l )} l∈N , and a sequence of gauge transformations, {g l ∈ G} l∈N , such that {g l (∇ 0 + a k l , φ k l )} l∈N converges in C L ⊕Ω 0 L to a pair (∇ 0 + a ∞ , φ ∞ ). Since the energy (1.1) is an analytic function on C L ⊕ Ω 0 L , (∇ 0 + a ∞ , φ ∞ ) also a critical point with energy
Let δ, Z > 0 be the constants corresponding to (∇ 0 + a ∞ , φ ∞ ) in inequality (5.2) . By the definition of convergence there exist i cr such that if i > i cr , then (∇ 0 + a ∞ , φ ∞ ) − g l (∇ 0 + a k l , φ k l ) 1,2 < δ. The Lojasiewicz-Simon gradient inequality (5.2) then implies that E k l = E for all i > i cr which contradicts our assumption that there are infinitely many critical values.
The compactness of the moduli space of Ginzburg-Landau fields, M F 0 α,β , defined in (1.8), also follows from Lemma 3.1: Since the space C L ⊕ Ω 0 L /G is a metric space, it has the Bolzano-Weierstrass Property, that is a subset M ⊂ C L ⊕ Ω 0 L /G is compact if only if every sequence in M has a convergent subsequence in M. By the previous observation, the energy (1.1) is bounded and has constantly zero derivative on the space of all solutions of the equations (2.1a) and (2.1b). Thus every sequence in this space satisfies the conditions of Lemma 3.1, thus has a subsequence that is gauge equivalent to a convergent one. That means that the projection of the space of all solutions of equations (2.1a) and (2.1b) to C L ⊕ Ω 0 L /G, which is (by definition) M F 0 α,β , has the Bolzano-Weierstrass Property, and thus compact.
